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Techniques are discussed for attitude determination using the global positioningsystem (GPS) differential phase
measurements, assuming that the cycle integer ambiguities are known. The problem of attitude determination is
posed as a parameter optimization problem. One proposed set of optimal solutions, which includes solutions of
Wahba’s problem, is based on least-squares � t of some attitude parameters to a set of vector measurements. The
use of these algorithms requires the conversion of the basic GPS scalar phase measurements into unit vectors.
It is shown that when the GPS antennas constitute two axes of a Cartesian coordinate system, the conversion
is immediate. When this is not the case, a more elaborate transformation is required. The necessary conversion
formulae for both cases are developed and demonstrated in an example. Another possible approach is based on a
least-squares � t of the attitude quaternion to the GPS phase measurements themselves. The cost function of the � t
is given in the literature in the most straightforward formulation as a function of the attitude matrix. Conversion
is presented of the matrix-based cost function to a quaternion-based cost function that corresponds to the cost
function minimized by QUEST. However, unlike the QUEST cost function, the converted cost function is not a
simple quadratic form; therefore, the simple QUEST solution is not applicable in this case. An iterative solution
for � nding the optimal quaternion is derived and demonstrated through numerical examples. The algorithms can
handle cases of planar antenna arrays and, thus, cover a de� ciency in earlier algorithms.

I. Introduction

A TTITUDE determination using the global positioning system
(GPS) carrier signals has been given considerable attention in

the last decade.1¡3 Much attention was given to concept, hardware,
and algorithm development, as well as to testing. Algorithms for
GPS attitude determination given differential phase measurements
can be broken into two parts: 1) integer resolution and 2) attitude
calculations.Several methods for integer resolutionwere presented
in the literature,e.g., see Refs. 1 and 4. In this work we assume that
the integer ambiguity is solved, and we are concernedonly with the
second part, namely, with attitude calculation.

In this work only two baselines (three antennas) are used, which
necessarily form a planar array. It covers a de� ciency in the earlier
work, where a close initial guess at the attitude is not known and
where Cohen’s1 fast method will not work because the antennas
form a planar array.

The current implementationcalls for three antennas,although the
algorithms that will be presented can handle more. Let us designate
them as antennas 0, 1, and 2. The three antennas determine a plane
to which one can attach a so-called antenna coordinate system.

As an introduction to the more general case that follows, we
� rst discuss a special array where the baselines form the axes of a
Cartesian triad. The three antennasare so installedas to form a right
angle with antenna0, the master antenna, at the vertex. The antenna
coordinate system is de� ned as follows. The origin of this system
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is at antenna 0, the system x axis a1 is along the line connecting
antenna 0 and antenna 1, and a2, the y axis of the system, is along
the line that connectsantenna 0 with antenna2. The third axis a3 is,
of course, normal to the antenna’s plane and is directed according
to the right-hand rule. Let si be a unit vector in the direction of an
observed GPS satellite, which is designated as satellite number i ;
then B j i , the projection of si on the axis a j ; j D 1; 2, is equal to
cos.® j i /, where ® ji is the angle between a j and si . This can be
written in the antenna coordinate system a as follows:

B ji D cos.® ji / D aT
j De

asi (1)

where T denotes the transpose and De
a is the transformationmatrix

from e, the reference coordinate system in which si is resolved, to
the antenna system. (It is assumed that the componentsof si in e are
known.)TheprojectionB ji is relatedto thephasedifferencebetween
simultaneousphase measurementsat antenna0 and antenna j of the
carrier broadcastedby the GPS satellite i . This phase difference’ ji

is given in carrier wavelength and can be written as follows:

’ ji D ’ 0
ji C N ji (2)

where ’ 0
ji is a fraction of wavelength, N j i is an integer. The phase

measurement is performed using carrier phase differencing,which
yields ’0

ji only, but there are techniques5;6 for quick determination
of N ji . Therefore, knowing ’ 0

ji is equivalent to knowing ’ ji , and it
is assumed that ’ ji is the measured quantity. It is easy to show that

B ji D N ji .¸=b j / C ’0
ji .¸=b j / D ’ ji .¸=b j / (3)

where b j is the distance between antenna 0 and antenna j , and ¸ is
the wavelength. The phase difference is a measured value, which is
used in attitudedetermination,that is, in the computationof De

a . The
measurementof ’ ji introducesmeasurement errors in B ji that stem
from structure � exure, baselineuncertainties,electronicdelays, etc.
The measurement error is e ji . As a result of the measurementerrors,
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the following equation, rather than Eq. (3), relates the phase to the
attitude:

B j i D aT
j De

asi C e j i (4)

hence,

e2
ji D B ji ¡ aT

j De
asi

2
(5)

This leads to the de� nition of the cost function

½ De
a D 1

4

n

i

pi

2

j

e2
ji (6)

where n is the numberof satellitesin track and pi is a weight given to
the measurement error associated with each of the n satellites. The
least-squares� t of the attitudematrix to the measurementsis that De

a
that minimizes the cost function. Note that the introduction of the
coef� cient 1

4
(or any other coef� cient) in the cost function does not

have any in� uence on the resulting � t. It was done here for ease in
laterdevelopments.Using Eqs. (5) and (6) the cost functionbecomes

½ De
a D 1

4

n

i

pi

2

j

B ji ¡ aT
j De

as j
2

(7)

The purpose of this work is to � nd algorithms that yield the at-
titude matrix (or other equivalent attitude parameterizations) that
minimizes ½ .

II. Attitude Determination Using GPS
Vectorized Observations

Several ef� cient algorithms for attitude determination based on
a least-squares � t of the attitude to vector measurements were in-
troduced in the past. To make use of these algorithms, the phase
measurements have to be converted into vector measurements.Dis-
tinction is made between the case where the antennas physically
de� ne a Cartesian coordinate system and the case where they do
not. The two cases are discussed next.

A. Physically De� ned Cartesian Coordinate System
If, as mentioned earlier, the antennas are so installed as to form

a Cartesian coordinate system, then the conversion is quite sim-
ple. The unit vector si to satellite i is expressed in the antenna a
coordinate system as follows:

sia D

&

6$
B1i

B2i

1 ¡ B2
1i ¡ B2

2i

1
2

’

7%
(8)

Note that the third component of si a is chosen to be the positive
root of the expression in parentheses. This was done because only
the signals of those GPS satellites that are above the antenna plane,
and thus in the positive direction of the a3 axis, are received by the
antennas. The vector sia , resolved in Earth reference coordinates,
is denoted by sie . The latter is easily computed because both the
satellite and the vehicle position are known in Earth coordinates.
With the pairs sia , si e on hand, i D 1; 2; : : : ; n, one can replace
Eq. (7) by the following cost function introduced by Wahba7:

½0 De
a D 1

4

n

i

pi sia ¡ De
asi e

2
(9)

and use QUEST,8 FOAM,9 or REQUEST10 to obtain a weighted
least-squares attitude quaternion (matrix, when FOAM is used) � t
that minimizes ½0. (In fact, if one is interested in a good, albeit not
optimal, attitude matrix, one can even use the TRIAD8;11 or the op-
timized TRIAD12 algorithms.) For the sake of comparison between
QUEST, which operateson measured vectors, and an algorithm that
will be developed later, which operates on phase measurements, a
short description of QUEST is given next.

Because De
a is a known function of the attitude quaternion13 q,

then ½.De
a/ can be replaced by w.q/, where

w.q/ D 1

4

n

i

pi si a ¡ De
a.q/si e

2
(10)

It can be shown that q¤, the q that minimizes w.q/, is the same q
that maximizes the cost function

³.q/ D 1
2
qT K q (11)

where

K D
S ¡ ¾ I j z

j
jzT j ¾

(12)

and where

mn D
n

i D 1

pi (13a)

¾ D 1
mn

n

i D 1

pi sT
ia si e (13b)

B D 1
mn

n

i D 1

pi si asT
ie (13c)

S D B C BT (13d)

z D
1

mn

n

i D 1

pi .sia £ si e/ (13e)

The matrix I is the third-order identity matrix. It turns out that q¤

is the eigenvector that corresponds to the largest eigenvalue of K .
QUEST8 is an algorithm that yields this q¤.

Because the transformationfrom the antennaa coordinatesystem
to the body b system is known, one may compute the � nal attitude
matrix that transformsvectors from the body to the Earth coordinate
system.Let the known transformationmatrix froma to b be T a

b , then

De
b D T a

b De
a (14)

B. Arbitrarily Placed Antennas
If the antenna arrangement does not constitute a Cartesian co-

ordinate system, one can still convert the phase measurements into
vectormeasurements.Figure 1 presentssuch a case,where the three
antennas still (and always) de� ne a plane; the line connecting an-
tenna 0 with antenna 2 is still in the a1a2 plane, but it does not
coincide with the a2 axis. The de� nition of the antenna coordinate
systema is obvious.The anglebetweenc, a unit vectoralong the line
connectingthe number 0 and the number 2 antennas,and the a1 axis
is ¯ , which is a known angle. Following the notations of the Intro-
duction section, denote the projection of si on c by B2i , whereas
the projection on the a1 axis is B1i . To convert this information to

Fig. 1 De� nition of the antenna coordinate system.
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Fig. 2 Computation of B0
2i.

a vector observation, one needs to know B 0
2i , the projection of si

on the a2 axis. Figure 2 shows the geometric relations between B1i ,
B2i , and B 0

2i . Figure 2 is a top view of the a1a2 plane, where s is the
projection of si on this plane. Obviously,

x ¢ sin ¯ D B2i ¡ B1i cos¯ (15)

solving for x and realizing that B 0
2i D x, one obtains

B 0
2i D .1=sin ¯/.B2i ¡ B1i cos ¯/ (16)

Using Eq. (16), Eq. (8) can be written as

sia D

&

6$
B1i

.1=sin ¯/.B2i ¡ B1i cos ¯/

1 ¡ B2
1i ¡ .1=sin ¯/.B2i ¡ B1i cos ¯/2

1
2

’

7%
(17)

Once the sia vectors have been computed using Eq. (17) for each
available satellite i , one is back at the situation handled earlier (see
Sec. II.A) and can use one of the known weighted least-squares
� tting algorithms to � nd the attitude matrix De

a , and then the known
T a

b matrix to compute De
b , as given in Eq. (14).

III. Attitude Determination Using GPS Phase
Measurements Directly

A. Cost Function Conversion to Quadratic Forms
Recall Eq. (7), where now the reference coordinate system is the

Earth e system

½ De
a D 1

4

n

i

pi

2

j

B ji ¡ aT
j De

asi
2

(18)

We wish to � nd De
a that minimizes ½.De

a/. Because, as mentioned
earlier, De

a is a known function of the attitude quarternion q, then
½.De

a/ can be replaced by J .q/, where

J .q/ D
1

4

n

i

pi

2

j

B j i ¡ aT
j De

a.q/si
2

(19)

To facilitate the search for the quarternion q¤ that minimizes J .q/,
the latter is now convertedinto a functionof matrix quadratic forms.
Realizing that aT

j De
a.q/si is the computed value of B ji , denote

the former by Bc . Also, for ease of notations, in the followingdevel-
opment we drop the subscripts j , a, i , and the superscript e. Thus,
Bc is expressed as follows:

Bc D aT D.q/s (20)

The transformation D.q/ of s can be expressed in quaternion terms
as (see Appendix D of Ref. 13)

D.q/s D Qq ­Qs ­ Qq¡1 (21)

where the tildedenotestheexpressionofa quaternionasan extension
of the complex number; i.e.,

Qq D iq1 C jq2 C kq3 C q4 (22)

Qq¡1 D ¡iq1 ¡ jq2 ¡ kq3 C q4 (23)

Qs D i sx C j sy C ksz C 0 (24)

­denotesquaternionmultiplication,and sx ; sy , and sz are the com-
ponents of s. Note that if the notation uv is used to denote the col-
umn matrix whose entriesare the four componentsof the quaternion
product Qu ­ Qv of any Qu and Qv quaternions, then

uv D

&

66$
u4 u3 ¡u2 u1

¡u3 u4 u1 u2

u2 ¡u1 u4 u3

¡u1 ¡u2 ¡u3 u4

’

77% v D Uv (25)

In view of Eq. (21) and using the rule of Eq. (25), the followingcan
be written:

D.q/s D QSq¡1 (26)

where

Q D

&

66$
q4 q3 ¡q2 q1

¡q3 q4 q1 q2

q2 ¡q1 q4 q3

¡q1 ¡q2 ¡q3 q4

’

77% (27a)

S D

&

66$
0 sz ¡sy sx

¡sz 0 sx sy

sy ¡sx 0 sz

¡sx ¡sy ¡sz 0

’

77% (27b)

q¡1 D

&

66$
¡q1

¡q2

¡q3

q4

’

77% (27c)

therefore,

aT D.q/s D aT QSq¡1 (28)

but aT Q can be written as

aT Q D qT A (29)

where

A D

&

66$
0 ¡az ay ax

az 0 ¡ax ay

¡ay ax 0 az

ax ay az 0

’

77% (30)

therefore, from Eqs. (20), (28), and (29) the following is obtained:

Bc D qT ASq¡1 (31)

It can be easily seen that

AS D
[a£] a

aT 0

¡[s£] s

¡sT 0

D

&

6$
¡[a£][s£]

[a£]s
¡asT

¡aT [s£] aT s

’

7%
(32)
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where [a£] and [s£] are the cross-product matrices of a and s,
respectively.A straightforwarddevelopment reveals that

¡[a£][s£] D I .aT s/ ¡ saT (33a)

and

¡aT [s£] D ¡[a £ s]T (33b)

Therefore, Eq. (32) can be written as

AS D

&

6$
I .aT s/

a £ s
¡.asT C saT /

¡[a £ s]T aT s

’

7%
(34)

De� ne

C D asT (35a)

E D C C C T (35b)

p D a £ s (35c)

¹ D aT s (35d)

then

AS D
¹I ¡ E p

¡pT ¹
(36)

Substitution of Eq. (36) into Eq. (31) yields

Bc D qT
¹I ¡ E p

¡pT ¹
q¡1 (37)

Let

eT D [q1; q2; q3] (38a)

then one can write

q D
e

q4

(38b)

q¡1 D
¡e

q4

(38c)

thus, Eq. (37) can be written as

Bc D qT
¹I ¡ E p

¡pT ¹
q¡1 D qT

¹I ¡ E p

¡pT ¹

¡e

q4

D qT
E ¡ ¹I p

pT ¹

e

q4

D qT
E ¡ ¹I p

pT ¹
q (39)

De� ne

L D
E ¡ ¹I p

pT ¹

(40)

then Eq. (39) can be written as

Bc D qT Lq (41)

When consideringthe i th satellite and the j th antennadirection, the
last equation becomes

Bc; j i D aT
j De

a.q/si D qT L j i q (42)

Substitution of Eq. (42) into Eq. (19) yields

J .q/ D 1
4

n

i

pi

2

j

B ji ¡ qT L ji q
2

(43)

De� ne

8 ji D B ji I (44)

then because qT q D 1, one can write

B ji D qT 8 ji q (45)

therefore,

B j i ¡ qT L j i q D qT [8 ji ¡ L ji ]q (46)

Let

M ji D pi .8 ji ¡ L j i / (47)

then using Eqs. (46) and (47) in Eq. (43), the following is obtained:

J .q/ D 1

4

n

i

2

j

qT M ji q
2

(48)

or

J .q/ D
1

4
qT

n

i

2

j

M ji qqT M ji q (49)

B. Finding the Optimal q
The problem of � nding the matrix De

a that minimizes ½.De
a/ de-

� ned in Eq. (18) or, equivalently, � nding q that minimizes J .q/ of
Eq. (19) has been transformed into � nding q that minimizes J .q/
of either Eq. (48) or Eq. (49). Unfortunately J .q/, is quartic in
q, whereas the cost function that has to be optimized when solving
Wahba’s7 problemis only quadratic in q. For this reason the QUEST
solution is not suitable in the present case. One needs to use some
other methods for minimizing J .q/. An iterative solution is sug-
gested here that is based on the gradient projection technique.14

Consider the cost function of Eq. (49), where q is subject to the
constraint

g.q/ ´ qT q ¡ 1 D 0 (50)

Suppose that, as a result of the iterative technique to reduce J , qk

was computed at the kth iteration.Perform now the k C1st iteration
by changing q as follows:

qk C 1 D qk C "h (51)

where h is a four-element column matrix, which determines the
direction one moves from qk to qk C 1 in R4 , and " is the distanceone
moves in this direction. Substituting Eq. (51) into Eq. (49) yields
the following cost function at qk C 1:

J ."; h/ D
1

4
.qk C "h/T

£
n

i

2

j

M j i .qk C "h/.qk C "h/T M j i .qk C "h/ (52)

For a given direction h, one wishes to move at a distance " that
will minimize J ; that is, one wants to move from Jk D J .qk / to
Jk C 1 D J .qk C 1/ at the steepest descent route. The rate of descent
of J from point qk to point qk C 1 is the partial derivative of J with
respect to " at the point " D 0. When performing this operation on
J , given in Eq. (52), the following is obtained:

@ J

@"
" D 0

D qT
k

n

i

2

j

M ji qk qT
k M ji h (53)

Note that the last equation yields the rate of descent but not neces-
sarily the steepest one. While moving from qk to qk C 1 the constraint
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of Eq. (50) still has to be satis� ed. Satisfying the constraint implies
that when moving an incremental distance, g has to stay zero. In
other words, the rate of change of g has to be zero at the point qk .
Put in analytic terms and using Eqs. (50) and (51), it means that

dg

d"
" D 0

D d

d"
.qk C "h/T .qk C "h/ ¡ 1

" D 0

D 0 (54)

which yields

qT
k h D 0 (55)

As for h, because it is a direction, it is actually a unit vector; there-
fore, its length has to be 1, i.e.,

hT h ¡ 1 D 0 (56)

Everythingis readynowfor thecomputationof thedirectionof the
steepest descent.The directionof the steepest descent is determined
by h. The column matrix h is sought that yields the smallest (the
most negative) value of the derivativeexpressedby Eq. (53). De� ne
this derivative as 9.h/, i.e.,

9.h/ D qT
k

n

i

2

j

M ji qk qT
k M j i h (57)

which is the functionto be minimized with respect to h subjectto the
constraints expressedby Eqs. (55) and (56). As usual, this is being
done by adding the constraints to 9.h/ using the scalar Lagrange
multipliers ¸1 and ¸2 and minimizing the new function. Thus, the
new function ´.h/ is de� ned as follows:

´.h/ D qT
k

n

i

2

j

M ji qk qT
k M ji h C ¸1qT

k h C ¸2.hT h ¡ 1/

(58)

This is the function that is to be minimized with respect to h. The
concept of directional derivative is used to accomplish that. Ac-
cordingly, the direction of the steepest descent is h0, then any other
direction h can be expressed as

h D h0 C ºd (59)

where d is the direction from h0 to h and º is the distanceone has to
move in this direction to reach h starting at h0. Substitution of the
latter expression for h into Eq. (58) yields

´.h0 C ºd/ D qT
k

n

i

2

j

M ji qk qT
k M ji C ¸1 I .h0 C ºd/

C ¸2 .h0 C ºd/T .h0 C ºd/ ¡ 1 (60)

A necessary condition for h0 to be a stationary point is

d´

dº
º D 0

D 0 8d (61)

Applying this condition to ´.h0 C ºd/ of Eq. (60) yields

qT
k

n

i

2

j

M ji qk qT
k M ji C ¸1 I C 2¸2hT

0 d D 0 8d

(62)

This condition can hold only if

qT
k

n

i

2

j

M j i qkqT
k M ji C ¸1 I C 2¸2hT

0 D 0 (63)

which yields

h0 D ¡ 1
2¸2

n

j

2

j

M ji qk qT
k M j i C ¸1 I qk (64)

Because h0 has to satisfy the condition of Eq. (55), then from the
last equation

¡qT
k

1

2¸2

n

i

2

j

M ji qk qT
k M ji C ¸1 I qk D 0 (65)

which yields

1
2¸2

n

i

2

j

qT
k M ji qkqT

k M j i qk C ¸1qT
k qk D 0 (66)

Because qT
k qk D 1, the last equation implies that

¸1 D ¡
n

i

2

j

qT
k M j i qkqT

k M ji qk (67)

A comparison between the last equation and Eq. (49) indicates that

¸1 D ¡4J .qk / (68)

Substitution of this result into Eq. (64) yields

h0 D ¡ 1

2¸2

n

i

2

j

M ji qk qT
k M ji ¡ 4J .qk/I qk (69)

To � nd ¸2 , substitute the last expression for h0 into the constraint
expressed in Eq. (56) to obtain

³
1

2¸2

´2

qT
k

n

i

2

j

M j i qkqT
k M ji ¡ 4J .qk /I

£
n

i

2

j

M j i qkqT
k M ji ¡ 4J .qk /I qk D 1 (70)

De� ne

Ck D
n

i

2

j

M ji qk qT
k M j i (71)

then using this de� nition, Eq. (70) can be written as

¸2
2 D 1

4 qT
k [Ck ¡ 4J .qk/I ][Ck ¡ 4J .qk /I ]qk (72)

which yields

¸2
2 D 1

4 qT
k CkCk qk ¡ 2qT

k J .qk /Ck qk C 4 qT
k J .qk /2qk (73)

The last equation can be written as

¸2
2 D 1

4 qT
k Ck Ckqk ¡ 2J .qk /qT

k Ck qk C 4J .qk /2qT
k qk (74)

which, after noting that qT
k Ckqk D 4J .qk/, can be written as

¸2
2 D 1

4 qT
k Ck Ckqk ¡ 8J .qk /2 C 4J .qk /2 (75)

Let

vk D Ckqk (76)

then from Eq. (75) one obtains

¸2 D § 1
4
vT

k vk ¡ 4J .qk/
2

1
2 (77)

To choose the appropriate sign for ¸2 , it is necessary to examine
the second derivative of ¹.h0 C ºd/ with respect to º evaluated at
º D 0. Using Eq. (60), it is evident that

d2

dº2
¹.h0 C ºd/

º D 0

D 2¸2dT d (78)



BAR-ITZHACK, MONTGOMERY, AND GARRICK 851

For h0 to be a minimum point, the second derivative has to be posi-
tive; therefore,the positive sign has to be chosen in the computation
of ¸2 in Eq. (77). With this in mind and using the de� nition of Ck ,
Eq. (69) is written as

h0 D ¡ 1
2j¸2j [Ck ¡ 4J .qk /I ]qk (79)

Recall that h0 is the direction of the steepest descent. Substituting
the last expression for h0 into Eq. (51) yields

qk C 1 D I ¡ "

2j¸2j
[Ck ¡ 4J .qk/I ] qk (80)

Finally, let

Wk D 1

2j¸2j
[Ck ¡ 4J .qk /I ] (81)

then Eq. (80) can be written as

qk C 1 D .I ¡ "Wk /qk (82)

A value should be selected for ". In principle this can be done by
substituting qk C 1 of the last equation into J ."; h/ given in Eq. (52)
and then minimizing the result with respect to ". This, however,
yields a complicated third-order equation in " whose solution has
to be obtained at every time step. Another possible approach is of
� nding empirically a suitable value for ". In summary the recursive
algorithmfor minimizing the cost function of Eq. (49) is as follows.

1) Determine q1, the initial guess of q, and set k D 1.
2) Compute

Ck D
n

i

2

j

M ji qk qT
k M ji

3) Compute J .qk/ D qT
k Ckqk .

4) Compute Wk D .1=2j¸2j/[Ck ¡ 4J .qk/I ].
5) Compute qk C 1 D .I ¡ "Wk/qk .
6) If jqk C 1 ¡ qk j · ±, where ± is a predetermined constant, then

stop. Otherwise increase the argument by 1 and go back to step 2.

C. Example
1. Vectorized Phase Measurements

In this simulated example there are � ve GPS satellites. The unit
vectors to the � ve satellites si , i D 1; 2; : : : ; 5, are de� ned as

s1 D

&$0:953

0:095

0:286

’%
; s2 D

&$¡0:195

0:976

0:098

’%
; s3 D

&$¡0:432

¡0:259

0:864

’%

s4 D

&$¡0:316

0:632

0:707

’%
; s5 D

&$0:577

0:577

0:577

’%

These � ve directionsare chosen randomly from a sample that meets
the following constraints. The elevation of the satellites has to be
more than 5 deg over the horizon, and the separation between the
vectors has to be between 30 and 150 deg. The vectors si are ex-
pressed in the reference coordinate system. The angle ¯ between
the a1 axis and c (see Fig. 2) is 50 deg. Thus

a1 D

&$1

0

0

’%
; c D

&$cos.50/

sin.50/

0

’%

The transformation matrix De
a from the reference to the antenna

coordinates and its correspondingquarternion are

De
a D

&$ 0:713 0:659 0:241

¡0:579 0:359 0:732

0:396 ¡0:661 0:638

’%

qT D [0:423; 0:047; 0:376; 0:823]

For this geometry the nominal (error free) phase measurements are

B11 D 0:811; B12 D 0:527; B13 D ¡0:270

B14 D 0:362; B15 D 0:931

B21 D ¡0:309; B22 D 0:535; B23 D 0:789

B24 D 0:928; B25 D 0:295

Note that becausea2 6D c, i.e., ¯ 6D 90 deg, B 0
2i ; i D 1; 2; : : : ; 5, are

computedusingEq. (16). Whenvectorizingthephasemeasurements
accordingto Eq. (17), andusingQUEST to computeq¤, the achieved
accuracy is

jq ¡ q¤j < 1 £ 10¡15

Next, zero-mean random measurement error is added to the GPS
phasemeasurements.The respectivestandarddeviationsof the error
for each of the � ve satellites are

¾1 D 0:01; ¾2 D 0:05; ¾3 D 0:03

¾4 D 0:02; ¾5 D 0:02

The errors themselves are errors in B ji , that is, in the projection
of si , the unit vector to satellite i , on the antenna coordinate sys-
tem axis j [see Eq. (1)]. In other words, they are errors in ’ ji ¸=b j

[see Eq. (3)], that is, errors in cos.® ji /, which are unitless. These
errors are due to uncertainty in the value of b j (the uncertainty in
the distance to antenna j ), and errors in the measurements of the
phase angle ’ ji due to structure � exure and electronic noise. When
again vectorizing the phase measurements according to Eq. (17),
and using QUEST to compute the optimal attitude quaternion q¤,
the following corresponding errors (in degrees) in yaw, pitch, and
roll are obtained:

±Ã D ¡0:755; ±µ D ¡0:462; ±Á D ¡0:535

2. Direct Phase Measurements
Instead of using the vectorized measurements and consequently

the QUEST algorithm,here we � nd the attitudequaternionusing the
iterativealgorithmthatwe developedfor � ndingq¤ directlyfrom the
phasemeasurementsthemselves.In otherwords,we use the iterative
algorithm to � nd the quaternion that minimizes J of Eq. (49). We
start the iteration with the arbitrarily chosen initial quaternion

OqT D [0:451; 0:107; 0:215; 0:859]

that corresponds to the following initial attitude estimation error, in
degrees, expressed in terms of Euler angles:

±Ã D 14:05; ±µ D ¡14:78; ±Á D 0:802

The optimal iteration step size is found empirically to be " D 2:75.
The iterative solution settles on

OqT D [0:42363; 0:04862; 0:37751; 0:82198]

and the � nal attitude estimation error, in degrees, in terms of yaw,
pitch, and roll is

±Ã D ¡0:251; ±µ D ¡0:110; ±Á D ¡0:035

Observing the convergence rate of the recurrent solutions to the
correct one reveals that the convergence rate is only linear; how-
ever, the � nal accuracy of the iterative solution is better than that
of the QUEST solution when applied to the vectorized phase mea-
surements. An error analysis reveals that the error associated with
the QUEST solution contains a term that does not exist when using
the cost function J .q/ of Eq. (49) to � nd q. The term is a function
of the GPS satellite elevations with respect to the antenna coordi-
nates z axis. This term diminishes when the elevations are high.
This is the reason why we obtain better results when using the itera-
tive solution that minimizes J .q/. The two solutions are, of course,
identical when they process ideal measurements.
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IV. Summary
Algorithms are presented for attitude determination using phase

difference between GPS signals arriving at different antennas. Be-
cause the number of measurements is greater than the number of the
unknown attitude parameters, and because the phase measurements
are corrupted by noise, it is advantageous to � nd the attitude as a
least-squares � t. The cost function to be minimized in the � tting
process is that given in Eq. (7).

It was shown that when the body-mounted antennas constitute
two axes of a so-called antenna coordinate system, the phase mea-
surements can be easily converted into vector measurements.Then,
when representingthe attitudeby the quaternionof rotation, the cost
functionbecomes the one given in Eq. (10), and the least-squares� t
can be found using one of the available algorithms such as QUEST
and REQUEST.

It is shown that even when the antennas do not constitute two
axes of the antenna coordinate system it is still possible to project
the phase measurements onto axes of an antenna coordinate system
and proceed as before to � nd a least-squares � t of the attitude pa-
rameters. The use of QUEST in the case where the antennas did
not constitute two axes of the antenna coordinate system is demon-
strated in an example of error free as well as error ridden phase
measurements.

Another possible approach is treated, which is based on a least-
squares� t of theattitudequaternionto thebasicGPS phasemeasure-
ments. In the literature, the cost function of the attitude � t is given
as a function of the attitude matrix, that is, in the form of Eq. (7).
It is, however, desirable to express the cost function as a function
of the attitude quaternion. This stems from the success attained in
quaternion � tting to vector measurements,which is achieved using
QUEST. The conversionis presentedof the matrix-basedcost func-
tion to a quaternion-basedcost function, which is given in Eqs. (48)
and (49). The latter corresponds to Eq. (11), the cost function min-
imized by QUEST. A comparison between the latter function and
that of Eq. (48) reveals that, unlike the case of vector measurements,
where the cost function reduces to a quadratic form of a symmetric
matrix, in the case of phase measurements the cost function is a
sum of squares of quadratic forms; therefore, a simple QUEST-like
solution is not applicable in this case.

A possible solution to the problem of � nding q¤ that minimizes
J .q/ of Eq. (48) is an iterative one. Indeed, such a solution is pre-
sented. It is based on the gradient projection technique, which is
used to develop a steepest descent search for the local minimum of
the cost function. When the search converges to the minimum cost,

the iterated quaternion converges to the sought optimal quaternion.
The use of the iterativealgorithm is demonstrated through a numer-
ical example. It is found that the iterationprocess converges slowly.
It is recommended that other methods, either analytic or iterative,
for minimizing J .q/ be sought. Finally, it should be noted that the
algorithms presented in this work cover a de� ciency in earlier work
in that they are also applicable to attitude determination systems
employing planar antenna arrays.
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